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ABSTRACT 
. I: 
ISOMETRY OF COMPACT SUBMANIFOLDS 
IN EUCLIDEAN SPACE 
•'•-· ·• .,._ " - -~ • :~-· ,: ~ • _....;._ • --•• _:.:.:.;., •••~••:••""•• • .,..,u-~"c•·-•" •• • 
_,,, __ _ 
---·· .. -···--······---· ·····-- ··-. ·... .-.-·~. - - -- ~--···..,..: ,----~ -·· .. --------.-- .···-·· . -· .·. -.:. ·~ .··-····:.-·--. .. .. . - ___ ,. ·- ~-- .... ---- ------ - - - ··- --~ _: ... :-.. ____ ..:.~·. __ : .... __ .-, .. 
by - ,.,. ·-· -
:. "I!-",, 
Burgess Harold Rhodes 
The probl!=m as to the conditions on an isom_etry between 
.. gompact hypersurf·a~es in Euclidean space in o:r.de:r that it be 
·a congruence has been the sub.j-~·ct of extens·.i.ye ~es,~.a~ch·e$· -in 
differential g,-eometry. Very- re .. cently t_w.o :g-eoill~:t¢rs .. ; c:~:C. 
Hsiung and s •. s. Chern [21., have: .generalize·d th-= not;i.qn of. 
isometry and ol,taihed cer·,t·ai.n d .. ortcfi.t,ion.-s ft,r· a volµm~--.p:re~· 
:s:erving dif f::eom·o·r:ph.i<sfu. be-twe·eh :twq compac-t s·µbm.an;i,_f .. old,s ~n, 
any· Euc1·1.de .. art. spa·ce ·to.: b~ an isometry; one· of ·tho·~~ ¢on--
di.t,i.ons is. th-cit· ··the diffeomorphism be an almo.:st isgm~t:~y-., 
th·e· aforementioned generalization of th·e .. noti·.o:n of· isometry. 
:T.h:e· purpose of this I thesi$ is· to J>i:es~rit this ··work of 
t·-hes·e· ·two geometers :in detail. T·he :proof· of ·the- t·h~o:r-em of 
Hsiung and Chern depends·: entirely on the cons·truction of a 
new global e.xterior cfifferential form and an algebraic 
0 
ine.q\lality of L. Ga·r·d:ing [1] ;. a simpler and more direc.·t· 
proof of this ine·qu:ali·.t:Y ·obtained by the presen.t, a:utho:r is. 
included. 
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INTRODUCTION: 
The pr-oblem as to the conditions on an isometry between 
_________________________ . ___ . __________ . ___ compact ___ };)yp~~-~~-:,;f_a.ce.s: .. i_n ____ Euc._l_idean_ space. in order that it be 
· -~a ·coIJ,grue.nce has ... been .. the subject of extensive researches in 
« ..( -
- . 
-- .................. differential geometry £or many dec.ades. A---most recent achieve~ 
\ 
ment is the- generalizatio11 -o.f t_h_e. _n·.otion of isometry by ·two· 
geometers, c.c. Hsiung and ·s.s.~ ·chern [3]. It is the ·±n:tent: 
:o~· t-his author to expound t·.his generalization and- ·t·he theorem 
.:tq\which it has been appli·e·d.· by the aforemention~d geometers. 
Our main theorem, -s:,ta·ted. ·in, ·ful-1 at: the ~nd of § 2, gives 
certai·n cond.itions for a volume-p,res.e:r::-vipg. cliff eomorphi~Ill 
between t.wo compact submanifol:a·s in. arty Eµq~i:dean ·Sp:ace ·t:"o· 
be an isornetry; one of those conditions: i.s· that~ t·he dit:fe·o·~ 
1 m6rp.hi:§m: b~ c;1n almo:st isometry, which .i-s -t:-he previousl_y ,m:e:n·..;. 
:, 
t.i.oned -·g_·e·11erali·z·a.t.ic,n of the noticih of isometry and w,i:ll_ be 
:def:in·ea.: :i~p §:2 •.. _ Othe_r fundamenta·1 .def in·±:t·.ion~, i.n. cil:-ge.b+a .and-
.cli:ff·e-~~nti~l g.e·omet:r:Y required for ·th.is·= w.o·rk wl.1_·.i-. per ·g-i_v~n 
·in both §· l a,nd § 2 .• 
' .. 
T:he· :p;roq~ o::f ·tbe· t·h·eo.r:ern depends entirely o:n· the con-
:s·,t·ruc.tion of a certain global exterior differeniial form by 
USihg the extended exterior differential calculus develop~~ 
$y 8. Flanders [5]. The$e necessary computations along ~ith 
::the establishment -of. ~. certa·i--n. new algebraic identity cons-ti-' 
:t-ut .. e §. 3 • 
The· actual proof :qf·: th:e·. ·theorem, is emb:t:)died i·n :§ 4 -. I::t 
should be noted that whereas the p~oof :o_r,ig··i-nally pr.es·e·n·te.d 
by Hsiung and Chern depends upon a certa·in _in~qu·a-1-i.ty ,e.stab~ 
~ ., . 
3 • 
I 
4. 
0 lished by L •. Garding [6] by using hyperbolic polynomials, a 
o I 
simpler and mo~e.direct proof of Garding's inequality has 
been obtained by the present author and is given at the end 
. - ,,.. - ;.!,·• -.'-,,.:..,.:,_,_._ • - . of §1. - ·· . ·-· ____ ,,,_., _______ , _____ -·· -·· . - -- - . - ··- .. -, . ····--··- -
.... ' -~:. ___ --,,_.y_-~--- ,, . .., .. 
--- ·_:_ . .=-:· ---~ .. - - ..:- . ----- . . . . "\ . 
-~----·- - -- -- __ ........ -· ---· - ,- . -~~---·· 
··-·_;..._..., -· -· __:_. 
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§·1 •. AN ALGEBRAIC CONSTRUCTION AND INEQUALITY 
. 
Let V be a real vector space of dimension n. A real-
···-~-· ---·valued---func·tion G·:vxv·-+ R is said to be.bilinear, if for 
- -··~- ... -·.--... ··~·· . G(ax+Sy,z) = aG~x,z) + BG(y,z)~ 
G(x,ay+Sz) - aG{x,y) + BG(x,z)~l 
:L·et {e i} be a basis· £or V and suppose G:VxV -+ R. is.· ·b .. i·--. 1· 
:J,..,t1;ie,a:r.. 'Then the v-a].:.u..e·s .g:_·i·•·k given by g ·-k· = G (e. ,ek··_.) c.om-1 . 1 . 
pletely determine G, for if relative to {E!i} a vector xj 
.. 
is ·given by·~:~·=· x~e ... ,-. w.~.h .. _._ere the re.·p·_e .. ~t ..ed_, i.n.-d.e_.~: iridi·bates .. . .. . . · Ji 'J 1 
the ·summation over the r~ng_-e .from 1 ··to n :_i_ncltl~i:ve_, theti.. ·by: 
bjlinearity we have 
Suppose a second basis {ej} is related to the. first by 
.. ( 1.1) •'* .. 1 
-.e- •. ·;_ t . e .•. ]· :J ·.~. ·<> 
W·i·th this chan_g.e in ··b·a.~is th:ere ±·s:- :a: ttorresponding c:ban:g·e ·i·n 
If ·t· . ·:* · · we. wr1. ·e gjJ. = 
····· ·i k 
= G:.(t._.·e __ ·· , t:1_ek.l' :~ . :J ='1 . · ... ·. 
wb··ich can- :be- ·wri1:·tez:i in t-he matrix form 
(1.2) fgfk] = Tigik(tT, 
where T = 1·1 t~ ;ll an.• d ·tT denotes· t· ·_he·· ·t·:r-ans•·p=:o· s.e .. o-·f· ·T. J w ...... : . .. ~ 
r·f H :VxV -+ R is a second bilinear map, it is determined 
_l:>y :t-he values hik = H (ei ,ek) • Consider the determinant 
lgik+Ahik·I; to expand i~~into a polynomial in A we shall 
•• - - .••' --,~. • ·-·-- .,~·., ~-- ••n~•• -- --·------·-· 
i . 
• 
denote by Gj and H1 the j-th and 1-'th columns of the matrices 
fl g ik II and II hik II respectively. Using elementary properties of 
determinants we find 
• •~"r• •·•"-·'"• • 
6. 
(-1. 3) -- . ,>• • • ·. • • • ,.,_._ •'••a" ••o .. t,,: ,•',,- ... ~ • ~ ........ !,,_ .. , •. ~~. - , • ·--•••·- ·. ------.,~,,._,_,_.,,-n-,-_ -:,0~~---,~--•••-.-•----.,"-h•-•••-·----. d,L.---- . , • ._:_-:;:~ - ... ~ -· .. ------·~;•~-::--~:.::-- .:=.-~ 
---·~·-· .. 
.-... 
~---
--
,-,;,; l<i~~r-+ A [ l;H1,G2, •• ,Gnl+IGl,H2,G3,• • ,G~j+.~-+IG1, •• ,Gn-l!Hnl] + 
.nlh I: .n .n :j .. 
, .• + A .. ik < .f (.JA,P(') (gik'hik)' ]-=O J ._J .. 
-Whe·r·e.- f1.:). :~~e- :t:h:e:: ·U:"S.tlal binomial :C"C>:e-ff-:i:cients,·,. and. p::_(··· .·)· (g.·.,:k··_,h,: .. k) 
. ... .. . ]'· 
_p_:: . '·1 .. ·· ·· 1 .. · 
=: lg I k. • J 9'. 
... :L_ ·. 
'"..; 
the, scalar matrix '>.. = II A cS ik II, cSik being tne Kronecker delta, 
II g ik + Ahik ff becomes 
-... ' . 
'· 
II g!k +Ahfk II = II g!k 11+11 AO ik 1111 hfk II 
- Tl! gik j\tT + Tl! A cS ik !Ill hik lltT 
= T c11gikT1+11 AcSik11uh1kn1 tT = TII gik+(\{iik 11:tT. 
c·o:n·setJt1ent1y· 
··1 T :121.g. · ... k+X:h ····k···--.. 1· .,. 1 · .. ·1· _· . 
:so that the ratio of any two coeffic-ients in thi.s_ pol:yn><::>mial 
i·n ). on the right side of-eqq_ation (1.3) is in:va·r:-i.an.t with 
respect to a change in basis. Thus, if I g-ik_l i () we can define 
-il. 4 ) HG = (P (1) (gik'hik) ]/jgikl' -----
which depends o_n,ly on _G and H and rtot on any basis fo·r :v:. 
;:; 
', 
' 
' 
',-.. ...., .... ,; ... ,, .... ~._,~;_..~.-.. . 
,; 
7. 
For ·example, if·· II 9tk II = II 6 ik II, then HG = f hii/n . 
.. 
The con~truction of HG is linear irt: K. Irt fact, if 
'. - . ·.. '- - " - ' 
_H,H':VxV ___ -+_~._.«;t·r.e two_bilinea_r. map.s, _th.en the mapH+H': Vxy·_-+ R 
defined by· (~+-H' ) (x, y) = H (x, y) + H' (x, Yl- i·s_ bilinear .• __ .. +11~~ --···-· __ 
..-.=·----~ ...... ·--···· .. ----·· , ..... ···-- . . .• _,_ ............ .------.. -·---·---·~·-···· 
..... 
--~-- ········-.. --~-.-~. ··-·. it makes sense t-e write (H+H' >·c, and-··we can ea-sily show that 
(H+H' )G = HG+HG by expanding the determinant I gik+A (hik+}li_k) I , 
T·he ·linear proper~y -O .. f: t.his construct.ic>'n- :bf: :.HG· suggests 
th·a,t: ;we: n1a:y gene:raliz~ H:G ·t;o vector-value.d bilinear functions· 
l:l:Vxv. -+· w·, .. i~rhere: W is: ·an·othe_r ¥ector- spa:ce. iFcrt ·t.his:: :_purpose 
• 
we write .H{e1 ,ek) - hfk' l.:j~m, nr-: dim W; ana the coefficient 
• 
. Of (~> A in the expansion of the determinant I gik+xhfk I as 
• • 
vector space w Whose J--tll component is [P}1 )(gik'hfk)]/jgikl' 
"-\.,, . 
H:G· can be cal:l .. ed ·t;t1e, c·on:tr·ac.ti.d.n: .. O.'f H re-latci ve to G •• More 
.exp.licitly,· ·.HG _i-~· a ve·ctor in ·w constructed· frotn: :a cov·.a.~i;ap.t 
t .. efn··s.-c>r H· o:f orde·r 2-·".with v,alue;s. tin w and from: a hon--·si.rtgµ~-:~.r 
-cto·v·ari.ant tens<Jr ·G o."f o·r:Qe-r :2 with real val..,.te'S. 
0 
The _._-f:611.ow.irig :ie~mna .of. Gar~ing .[.6J wi·ll .·be .n.ee.ded. i-n t·h:e.'· , 
LEMMA 1.1. Let '.G:,H·.:_V~.v + :R- :be symmetric po.si·t'i:ve-defini te 
bilinear functions. D.e·n.o.t:~ :g :=· I g ik I and h = 1 ·h.ik I • Then 
(1. 5) fl - > (h/g.J l/n G - . , 
where the equality sign holds if and only if h.ik ·==:_ pg ik for 
a·- c~rt.ain ____ p ~- ·-------------------
- ----
... 
' 
' I 
...... _,.,,._.,--~'-··-------.,- .. , ..... --, 
-· - ·-- -~·-·~-···- - ··-. '·-··"· 
,j .? ... 
., 
I" Iii 
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I\ 
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'I 
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The equation lgik+Ahi~I = 0 is the -0haracteristic .. '. . . . - .. · .. · '.-. ..,;, · ... 
equatiPil :for the eigenvalue problem: J 
J 
.. J[j. 
·.( :i • .. 6.): . . 
"'d' ' 
X ::;: 
• • 
. . . ..• . •. . 'r 
- ~ :.• ... -~.-:-~.~ ., . ,_ "..--,..-; 
II g ik llx = -All hik llx, 
• 
-
X 
n 
........... , ___ .__,:-·:····:~_-- =---... :-~~·~· ~·- ····-·--. ···· ____ . ,. . c-.. ·~. . . -- .... ·--·--·~-· ,, .. ,.~- --,;"J~ - . ' . ' 
------ -
. . ." :-.. ;:: _-_ ~--- :: ·: ----~·.:·:· .... -, ·.:...: . . ~·· ·_ ·_ .--,-· -_ 
.. ,..,.:. ......... : . ..:_. 
·-· ·Eq·uastiori ·.c-.1. 6) i~plies ~ _ -'"1:"--. 
t ·1·1· · ·1,··· · ' t l1 h 11 . 
·x gik'.x ~ -A Xt ik x ~ 
-
x we have txJI gj_k !Ix > 0 and txJ hik !Ix > O, and therefore for an 
e·ig·env~lue \ wi._th a.ny c.-or:r·espond-.fug eigenv.ec-tor'. x·, .... ·A inus .. t b.e - ··~ 
. : 
-r.eal .a..ng positive ir1 ·conseque·nc·e of e:qll~.?ti.on. (.1 ..• 7): •. T:hus i.;f· 
r 1 r •• ,rn are the n real roots of the eguatipn l9ik+Ahikl ...:. O,~ 
thep: the numbers .,.;r1 , .. ,'""rn ari each real and posi,tive. 
, 
(.l. 8)': I g ik +lhi:t· .1 ·= l1,fi :CAJ - :h. ( .. ~ ~-r·.1 ) .(. A.---.r 2 ) • • • ( A -.r.n) ·r 
so that 
(.1. 9) - ·xP- ( rl,+ •.• +-.r ) -~ n ~ i+. ,(· r. · 1·t-2-+r.1· ·. r3+ •.• +r....... ·1·r .. :). :\.·~l--2·+· 
· .· · n · ··· ·. · · n- .n:· 
, .. ·l _n ~- . 
= . •. ·n-·. r, · .. ·. · ...... n .· .......... ··· 
• : •. +. t--lJ · ··. l· . fr 1:r·:2: : •.• r·i .••. rnJ· l + :( ....;.l) · ti;.1 ·• •· -•·.rn) ., 1.=1. . . . . . ·. 
w·h·e:re· a- c-ircumf lex ["] over r 1. ind·icat·:es ,that r. is to be l. . 
deleted. Note that all coefficients in thi~ polynomial in X 
CJ 
~re positive. Upon comparing equations (1.3), (1.8) and using 
I . 
equations (1.9) and (1.4) we find 
1(1.10) h(-l)n-1 n. " .
 h n " 
~G·. = l rl •• r .•• r = gn. l. sl •• s_1.· ....... s.'.n•· . .,. gn i=l · 1 0 · 1=1 
where s 1 = :-.r I > ····.1 
. - ·-r. :.~.''."""'1:. •t,-. . 
'··. ·~:~-~ ... ·· ' 
.,.,, ,• •'l"J· 
i 
~ 
f 
I 
t ; 
,, 
I 
~ 
I 
... 
. - ·-~- ~-
·;·-r-
---
.. \.-
l, •.· 
:i.: . ,., ' 
We shall make use of the generalized arithmetic-mean. -
' . 
geometric-mean inequality (an interesting proof for which is 
1 ·• 
to be given in the appendix): 
,-·For any n·non-negative numb.ers a1 ,:••-•,an' 
{l. llt 
- - -- · · · · --- ------·--· .-.---, ··. -- · --- - · - --- -- · .... -.-- ·1;n· ·· - ·· --- ,. - -·· ·--··- -"-'·--.. -~ .... -·-·- -··· -·- · -
- (~ + •.• -~an) /n ~. t~:l ... an_)· _ i .. .. -: . '"' ... ··--·· 
..... :: . - ~···· ·-- -
. .,. 
-
By applying the inequality (1.11). t·o the: n no;n-'ti·e:g·.a.·t.:.i·ve 
numrie·rs: s-1 .••• s . .- .•..• ·• __ ·S __ ,-. i=l ••• ,n.,. we: ·tbti.S ·o_'b:t·a·i'··n . . . l. ,,. ·. - .n , 
·(l,.~ ·1.2) :1 .. -~l: ', :s·-. . ,s" . . ·s· .: ): ·c ·n .,. .) 1/n 
··_-. 1·· ·-·•· ...••• · .. _ ...... ·· _Tl $-1-·-·•.•.s·1· .•.••• _s·n·· . n · ·. ·· · · 1 ··- ·n ·= 
. i -.1 . · . - · ..' . . 'i=.l. 
.::::·· :.-.(:·~-···.1 • .••.. ·s. :)·. (ri:-·l.):.,ln _ ·{·· .. ·_. ·.· .. · :- :h __ -. _ .. .· .. ·}· {n~:1) /·n .(.9.)· .. :(n·~·l)./n:_. 
. . . . . _ ·.n ; <[ .C~1:) .r 1 .~ •.• r·n] .. . · · · -- ·.= _ h.. .,. 
the· l-a$·t ·e.qua.lii:.y is ·obt~±n·ed PY :pqti.ng t-hat th:e· ·ool)st·~~-t t.e:rm.: 
g in tl1.e :pol.y:oomi .. a~ o.n t·he :r:-i.ght. ·si:de <)f. eq·µati.on (1. 3-'): is 
-rfw ():::) g-ive:n: by equat-i_on l:.l .:-·_8) ,. A c.om_b:inat:L:o.-n of equations 
:(l.'.1.,0) a.n .. d (1:12) thu.s- ,g--i~te·s·. 'tl1~ r~:q_ui:r~·d iq·e·guality (l .•. S:) .•. 
·w--he-:: equality i:IJ Cl-;. :12:) hol¢l.$·- i.f .anq o.n.ly i.f f·o·r -e·ac.h ··p:~i.r 
Lemma 1 • 1 i·s ·comp.:le:t:·~ • 
·~ . .,. . •:_ ___ -..' ·- - ·--, - - ----·~ -- ---- ---~ .. ..._ ... ____________ ,~-.-~------~--- ·-- __ _,.. ----.-------··-· -· --~·- .. --. ' - . 
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§2. FUNDAMENTAL DEFINITIONS AND STATEMENT 
OF THE MAIN THEOREM 
... The follow·in_g _de~i.n.4- tiqns are fundamental .,for the study. 
:, . . .h. 
----,--.-----.--. ~~~t·~·lS paper. -
__,...,..-- · --·-"-· DEPf-N-ITION .2. ·1-. --An n...::manifold M is ·a ··11a11s1ie-Fff .s··p.ace---· 
. ) 
-
- n 
n~4i~ensional Euclidean space R. 
DEFI'NIT.ION 2. 2. A differentiab.le .. ~tructure of class Ck 
-
.o:n.- an .n--inani.fo·ld M: is a :collection J of real-valued functions, 
~ac;;.lJ.. de.fined on an open s·ubset of M, such that 
:(iJ if u c v ·and f £J is def.i-nea· -o.n v., the:n th:e· ·re:s:t:ri.ctioti. 
f· l.u ·iLs. in J ; 
-(ii} 
·£ior -a·11... :a·, then f e: J ; 
{iii) :eitery point. ::P·e:11. ·ha:S- a:: .n,e·.-ig~:bd.:t-:l"1oocl t) and .a homeo-
morphism h, :of u cYh-1:o., an :ope::n: stibset d-f .R.n ·_p:u:c·h t,h·a·t a function 
~ . -1. f define.a· on a. _sµbset: v· cff. u: lies in J ·if an·d only i.f.: foh 
k" is a fUndtibh of class C as a function of n real variabl~~. 
T:hus all partial derivative:s of f oh -l of orders <k exis:t and 
:,:tre: .ct,htinuous on h (V) .: 
• • 
DEFINITION 2 ~- ·3. An :_Q:·pen :s·et W and a homeomorphism h 
h-av.ing th.e p:ro_perties (iii) of Definition 2. 2 {relative to 
th~ differentia~ structure 7) are called coordinate neighbor-
hood and coordinate map respectively. 1 n If h{p} = {x (p}, •• ,x {p}}, 
• 
the functions x 1 (p) are called local coordinates. The pair 
(h,W} may be called a local coordinate system . 
. -DEf:I.NITION 2. 4. A manifold M together with a diff·e·r.et1ti-ab.le 
. - , .... , .--,-·--- ·-·~---,- .. - .. ,.. .. ,--,,::;f:'\ :_,,-,._ .. ,.. •. 'j'Y ··-· . ...,. -~--- ~--- --~~·-- - . -
' ' · . .l 
A 
r .. 
I 
r· 
i-
i 
i 
i 
f ,. 
r 
i 
.. 
/ 
x: ··- .... _, ___ . , . . . .... . . . . ...... --------·-.. ····---· ... -,J. __ JJlL-~.-2 .. _ 
structure of class ck is called a Ck differentiable manifold 
- -------- -----
or simply a ck manifold. 
-
DEFINITION 2.5. A Riemannian manifold ·is a manifold on 
11. , -- ! 
I 
1 
i 
! 
--·------,--.----~---·--------.-----,,- ----. ·which is. define·d--- a positive-definite·· symmetric twice covarian·t ··c---·,- · · ·· 
...,;· ., /_':... •J. . 
- •- --· 
·-
·te·ns;or fi·eld G •--_-=- g .. k·--rp1 ··ca1·f ed - the fundamental te-iisor. T"h-US···· . 1 - -
. 
. i:n: ·t-he inter$ection of two coordina-te ~eighborhoods with local 
I I 
-coordinates x1 and x) r:es-p·ectively we have the equation 
i k 
·~x ax -g. k . 1 = g . relati.n·g th··e compo:nents· o.f· G: · -:i.:n otte- neigh---1 -J ·- Jl ax ax 
borhood to tho·s·e .o-f: G in the crthe:r· ne·ighbo.r:h_oo:d., ·-where the 
components 9.ik of G·, :a.re. nothing mq.~~- th·at:_. n:(.rt+:IJ/2 real-
-v;a_l1.i"ed fu·nct1ons defined on 'M .• 
. rno.rphi:·sm .• '' -
·F·---o··r·· ',_:.- . 
. . · ..... 
any func-:t.i.o.n f defin.ed ·o.ri ~- --sµ:b·:s:et. -wc-.M2. we- define.· t.h'e ·f:u.n·c-tion 
·, 
4>"* (f} On 4>-l (W} by 4>* (f) ·"""'.· fo.•~.. Thus 4>* .maps the $pace of 
fun.ctio·n:s· o.e:tin.e:d .on s-ub,sets o,f t-t2 i·nto_ ·the, s_pcacE: _of· fun.c.tio_:ns·-: 
on subsets of M1 . 
DEFINITION 2 • 6. tet :J l and .J 2 be di.ff.e.rentiablEi 
I 
.--.k I I • · · structures of cla·s,s C defined on the mani-'f·o.-1:d:s M1 and .M:2 
respectively. A continuous map <P :M1 -+ M2 is s-a·i:q. to be.:. 
/ ~ 
differentiable of class ck if ~•'(J2 )cJ1 , 
DEFINITION 2,7. A differentiable map cp:Ml-+ M2 is called 
an immersion, if rank(<P) = dim M1 at all points ptM1 . 
' 
,_ ·-----
f 
'\ 
.,. DEFINITION 2.8. An immersion~ is called an imbeddin,; 
if it is a homeomorphism.onto its image (in the induced'topology).:. 
DEFINITION 2.9. A differentiable map ~:~1- + M2 is called 
-_- , _ .... a diffE!omC>rphism if bo_th <p and <p ""1 are imbeddings. ) 
. ...-.-~. ··-··-" ,. """ -
- - •. ···--.,< .~.,-~;·· -,.,,, .• ...,........ - ..... ,,----·u.,---- ---- -· 
~-
.. - -·· ··: . 
- . -- ··-·- -
De-fined in terms ··of the components of='the.. £.undamental 
,,. 
-~· 
Ch:fistoffel symbols rijk and -r~., namely, 
1J 
(._2-. 2) 1 r I I ---· lJ 
I 
+ ag~k - agij 
1 "'xk ' 
.ax a 
.. lJ~r··. -- ·.. . g 
. I l'k , 
··· :i,.J •. :.· .' 
coordinates x 1 • Tf gij are the components b:f G in the ].o.qal 
i 
.l 
c_:o.or,dina.t.es :x1 ··, then yA :ar·e ·reilat.ed to: r ... b_y. :(·s.e:.e: [4..l:.,· P:.-:P ... ·• -1:8-.19) 
. - . µ \) 1.J 
~A ax 1 1 r - r I I µ \) 
-A 1J ax 
I 
J 
so t·hat· ·t.he. C·h-ristoffel symbols are: not tensor.s.. How.e·ve·.r· if 
th:e'i·e .i-$ :~_poth:er fundamental ten·sor G* on the._ :;rµ_~o.i::folq.: M.-, t-hen 
it· is readily ·seen· tnat the difference b~. = --r~. - r*~ .. of the l.J ~] .. 1] . 
'l 1 Christoffel symbols r .. and r* .. , defined in tern1s _oif ·the 1] l.J 
components of the fundamental tensors G and G* r-espective·1y·;c is 
I I I 
a tensor. In fact, let x1 and x1 be local coordinates. Then 
-A 1 r and r .. are related by equation (2.3). Si~ilarly, µv 1J 
.Q 
1 I • 1 f*A ax r*~ I ax 
1 axJ a2x 'll (2. 4) + µv -A 1J axµ -\) axµ ax\) ' ax ax 
~o by subtracting equation (2.4) from equation (2.3) we obtain 
---·--·-· .i 
-- J 
I 
r 
J 
J 
I 
! 
I 
I 
! 
.. 
.. 
1 -l 
·'the relation between b. . and b 1] µ \) 
1 bA ax 1 
- b .. 
-µ \) 
-A 1J ax \'. 
h 
' 
• • 
ax 1 axJ 
I 
axµ -v ax 
_ -~~:~~~~,=~:,~;-_::-,-W~~c~,-·S-hows immediately tl\at bij is a t:11~:r~ ·· 
-·· - - .... . .. .. . . "" - ---~··-·--· .. ~-' ... 
·-
-
. -,-,~- .. :.The Christoffel symbol~ are the coef·:f--icients"'·-,of: ·the:· 
:Lev-i---:C.tvita connection induced by the fundamental tens·or. 
Suppose now that Mand M* are two n-dime11sional c2-Rieman ... 
-- - ~~-------------
·n.ian manifolds with th~ :fundamental t:ensors G, and :c;.~ -re spec ti vely, 
:2 . :·a.-n·d -let ~-:M -+ M* be a .c --mapping. ,T·n.e.n in M ther,e. are two co-n-
ne.c.-t.:i.on:s: the Levi-Ci vi ta connect,i:on d.ef ined in t-.e·rms of G and 
tl1e connectf ort ·-±·ndti'c:e:d, ih: M· b:y ~- from t-he: L~v-i-Civita connection 
in M* def ine·d· in -terttlS. .of.· G .. *. Their dif teren·ce._., that· i··s the: 
TJ1µ_s .-_.P.Y• · § 1 we may form l':1 __ ,- -the- co.ntr·a.ction of· ts re la.ti ye. t-c, - G . . . . . . 
tl1e: _fundamenta·1 tensor G:;: ·this: -c:ontrac·tion is· a vector f i·e·:l:¢1.. 
The mapp_ing ¢ is ca.lled an .. isornetry if G = G*, and .. g.n 
almost isometry if AG = 0-.. _r:··t ·-should be noted that an is:orn~t·~·-Y 
is also an almost isometry, s·:in.ce the two Levi-Ci vita connec-
tions defined by the two equal. me·trics G ~nd G*u a:r._e. the same 
and therefore their difference A is zero. 
Next consider an inunersion x:M + E, that is, a c:: 2--:mapping 
~ of Minto a Euclidean space E of dimen~ion n+m such that th~· 
... 
induced linear mapping on the tangent spaces.is univalent 
everywhere. Then x (p), pe:M, is a vector ih E and will b·.e 
called the position vector of the submanifold x(M). 
. . We shall denote the scalar product of two vect.or-:s :x. :a;p_(i 
. • .. ti. 
:...... .. 
' t 
r . 
14 • 
. Yin the Euclidean space E· by (x,y), and the second differential 
of x in the ordinary sens.~ by d. 2x. If v is a normal ;,ector at 
,12 . 
x (p), then (v ,a. x (p)) is the second fundamental form relative 
. - ·- ·-------------·-- .- --- ··---- - -··· -
··-·-· .. , , ·~-~,.~---c····-, -~e,r· v -~ - -·si'fic~ ·this·.··,form~·1·s·-- a-_---s·yminetr·i-c -covarian_t_ .. ten~~~ of order 
-----·· -----·------------~i···-------- -----··--·-----------·-····-·-·-·····-··· - --··-· ··------····----· ---·· -··- .. -·-··-~ . •· ·-······-- ··- - •.... ,, ........ -----· ·-······ ..... -· ···~-·-··---··--------------- .. -··· .. 
-·-
........ --
... .. 
- , I · 
. 
- I ,.12 
_ --- -~=~--:--~2-1see- ~4~_; _§_4__3),_ We ~ay form la~Ontraetion {-V,t.c·Xfp}}G 
. 
......... ·: ..... ea:,:~~--,"--rel.a,t.i.ve to---the-f-undatnental tensor G of th~induced R.1.ernannian 
metric on M. Therefore there is exactly one normal vector 
_.fJ~~ld .H over x(.M} def.inea· b_y (v,d2x(p)) = (v,.H). This no.rmal-. . .· .-.. . 
. . .. - . . 
\rector f·i-€fld: ·H gE!-nera-li:z:es· the notion o:f· :.me.an curvature in 
ordinary :stir:f.a·qe. t.heory, ,a.rrd .i_s· called the mean curvature 
vector. A ,s:ubrnanifold is:- c:a.1:led minimal if its mean curva-
ture vector is identically zero. 
·.iet x,x* :M -+ E be two immersions :of M into E; a·nd: :f ~-
:d:i .. :Ef·eqmorphisrn defi·ne·d. py the coiru11-utative diagr_:am: 
E 
x* (M) E 
The mapping f is an. i.som:e:tr:y, if 
'• ._.:• '• • • •_.. - .... • •·z .",• •' ',.a. -
(dx*(p),dx*(p)) = '.(4'.(fox)"(p),d(f·oxJ(.p)·J. = ("dx(p},dx(pJ), 
that is, if it rn~p~ the induced Ri~~~~nian metric of one sub-
manifolri into the induced Riemannian metric of the other sub-
, 
m.anif.oid. It is called volume-preserving if it maps the 
:volume element of one submanifold into that of the other. 
As a consequence of this definition a volume-preserving diffeo-
morphism exists only if Mis oriented and the diffeomorphism 
is then orientation-preserving. We will denote by G and G* 
- . .:'----'---· 
i" 
'"'! I 
respectively the fundamental tensors of the Riemannian metrics 
induced on M by X and x*. 
' Our main objective is to establish the following 
15. 
-·- .. -··-·-------·--·-·--··--· '-~ ..... ---·-· . --~. -----':""':·--.. --... -----~- .. 
... _?;~~cg~~-----~-4!)·~_! ____ : _____ Le_t ... _x_;_x"!'_ .:.~l .... ±:-·E:_·-.b.e~.-~:£w.6-~---iinmer·s ed ... compa-c-t·-:•·-···· : __ -----~--: __ : ___ -•~-- ------ · ---- . 
--- - s\;lbmanifolds ,. and f: x (M) -+- x* (Ml.· ~ volume-preservin9"; diff eo-.. 
I 
morphi·sm. Suppose that f--has the properties: -~~-•,.!•• ·-~-·:•1--,·~··, . ,..~ ··--········ - ··.-
(i) It is an almost isornetry relative to G*; that is, 
----- ._ -
-
LlG* ~ O. 
(ii) (x1 (p),d2x(p))G* ! (xi(p),d2x(p)) 6 , where xi(p) 
is the orthogonal projection of the position vector x(p) 
!:_he normal space to x(M) at x(p). 
Then f is an isometry. 
'di 
-:.. 
••----••·•"~!~.,-;.~:~,.' • •-•~·:·-' - -- ·r - .-. 
. . •. 1n 
·; 
/ 
16. · 
§3. INTEGRAL FORMULAS 
Let x,x*:M-+ Ebe two immersed compact submanifolds, 
. . \ 
,an.d let f :x (M) -+ x* (M) be a volume-preservi:ng diffeomorphism. 
__ ., ·- ... __ ·--·---·· -
' 
., 
.,.· 
' I·• 
I :--'I. 
) .. ·. 
i. 
!''.;. 
1...;.,, 
i i 
~-i . 
i . 
i • 
! ... 
-, _______ ··-~---- ----- .. , ... ..:__ ______ -
. --.-., - "' .__,,,,oo·ro•, • •••••-••••• •••• o 000 , •uo, ••'• o , 0,o -•-•. • -· •- - • •· •"•-•••••'"• , •• • •• ••• .... _, ______ -n•~------•••-··-·•••••------·""'"'""""'' .. __ uM---··---.. ---·•-n•oO,O"••---•••-.-•·----· ,•7----. :- O q
o•~:·- •,: ·:·:·-- • • ,•,:. •. • ___ ._ .-::. •·••• ,_. __ _i ... ~~ 
.. 
---
· __ ... · · , ·, --. ··over the ·-abstract manifold M there .ar·e ·now· two i-nauced--1tieman--
.. ·- 'i,_ 
· nian metrics', (dx (p) ,d~ (p)) and (d (fox) (p} ,--d(fox) (p)) wi-th 
equal volume elements. The not·ion of frames e1 , .. , e . b.aving i n. 
measure 1 -and. ·an orientation coherent with that of M has t·nus 
a s.e.n-s:e i::tl _bo--t:.h.: -1:netrics. At:~. :point peM any such frame ·can 
:p.e .. obtaine·d .. from a fixed one by. a lirtear transformati.op h·a..vtng 
•. f . . 
de,terrni:nant · 1 . 
. .. .... . • .... '. . . .  ·Since the .i·n:dt:tC.ed linear map x* ·on: t·h:e tangent 
spaces ,-i_"s ur.tivater.tt, we identify ei with x* (e'i) • Let w1 , •• , wn 
:be the co frame ·dual ·to· e 1_ , •• , e so. :£hat. ·the. volw.n:e. :e:.lem~_n.t- o··f. ·. n 
M is 
.(3.1) d:.v·:_:·. ;;... 1 A A ... n. -: .w ,, ..... ,., w '• 
L.et· :e_ 1 , •.•. ,· e_- b.-e. a f·rarne· in ·tihe·· :::r1:o.rm.a.l.: b_·,_u_. n_:d_._· ... le .at x (p) • ···· · n+ :n+m 
By· j~ntroducing t·ht~- matrices 
(:.3 .• :2) 
e = • 
• 
- I.I 1 :n-.11 w - w , • • , :ut - · .,, 
en+l 
, a = . 
• 
e 
n+m 
w-e·. have:. the usual equations of structure 
(.3·. 4) dx - we · ,. de = ne + .ea .. ,. 
where 
. 
(3.5) n = k· U·~ill, l~i , k~n , :l~s~, 
-~· 
w~ and w~+s being linear differential forms in t'he bundle induced 
·------ over M from the principal bundle of E .• 
·.) 
~ . 
- -·--·------·· 
.......... _ .. ~ 
' . ·,;., ~ .. ... :_. __ -.. . 
Differentiating the first equation of (3.4) by exterior 
differentiation and using the second equation of (3.4) we 
obtain 
17~· 
•- . - - ·- - .~ . -
• -=;- ....... • • .. - ~-= _•_i- ----~-----~--:----. ---- .• .•... ·-; ,:-,-.•..c--:•· :··.-.·- ~--·-,.:·.-::·:--:-,.--'···-;..::·--,·~-· .... ·,-·.:-·:c,.·!.:c .. ---" 
------·---
I' -
-
.. _,_ -----·------WE! ~~ye -·1:11e· · ~;ieome~ric interpretation o-f- --these equatiens---a~-- ---------·-------~-------- --
forins w~ gives ]. 
-follow~. Th~ matrix n of· linear differential 
the. connectio~ form oE the induced Riemannian metric by x; 
1 . . t "'I, k k j exp 1c1 .s:.y, w. = r .. w • 1 - . ' .1.] By expanding out by using equations 
(3 .1), (.J .-5) -, th·e:_ second equation o-f (_3-. 6.) giv_e_:s: 
( :3: ·.~--7 ). -,.i,. n+s _ {l} '\ w • - .Q ,· __ ,·' 
' ]. :1 < s_·<.·m.· = =:, 
·-w:n.i:cb: e-n--a:hl·es. ·tis to. ·w-rit-e, 
.(.3 .•. 8.) 
·co_n_s.eq·ue-nt,::J;;-y , 
. . .- . 
C3. 9) 
,. 
, iA n+s l w ,, w . 
. 1 
1 
I I I I 
.n-fs 
a(~ .. 
1 
:-_.:n.'··+:s. __ i.A_ _3·· __ .. n.· .. +s J.'A i 
- A· .~ ·. w , , w- · ~: A. . . . w w • l._ ~- . - ' - . . J 1 
·since w1AwJ - -wJAw 1 ' front S(iJ·'U·_a-tior1: (:3 .•. 9) it f.o<ii·o~rs .i.:mnt~:di:~-
ately 
(3.10) 
. / 
::since the fo-:an-s .. W.~ -a .. re. li-nea:r·Iy 'i'.ndefJ~nqexre., so :t'he· f,o·rrtrs-
... ·--
.. 
• • 
w
1A wJ are, .also-._ 
( 3 •. 11) 
. :' .-.:....--~·· .; -~·.--,,... ;-~ 
co._n.s.equently· 
: -n-+s n+·s . . 
.-A. ·. · -A.-.·~ · :=.: .o.; 
'• ', 1·] . jl 
n+s t·ha..t is·.,. the quantities A .. ·· are· symmetric i·:n. tl-le.ir lower-J.J 
indices. These quantities are the coefficient~ of the second 
fundamental form. Iri fact, by using t~e f·irst equation of 
(3.4) and equation (3.8) we obtain the second differential of 
x in the ordinary ssnset 
\ 
_.... .,;.: __ - , .. 
\_ 
I 
I 
'! 
, I 
I 
I ,, 
II 
I 
I 
a 
] 
:1 
I 
I 
:1 
~ r' 
';'. 
, I 
1. 
11 
I 
,· 
II 
[ 
I 
::(-
't" 
r 
r 
,-
·11 
,/ 
I 
II 
l 
I 
• 
I 
• 
I 
j 
1
1 k 1' 
= (.dw· +w w ) e . ..+ 
.• . I 1 
....... 
.(i-3 ..• 12:) 
m: . • ... 
. n+s· 1 J :l· ~ .. · w · w:, en+s·· , S=l · iJ 
I' fr:om which it follows that for a normal vector v of the sub-
.. :- . . . - . 
.18. 
\ 
manifold x (M) a·.~ the point x (p) we have tlie second· fundainerita+----·----.~---. ······ 
· .. -.·•.,-., ~. ··-·---·- _ .................. ---· .. ' ·-----~----··'-··--·~·····-~-- t· .• · ........ . 
--:-··-:---·•J_, ............ ~ ...:-~.-.:-._....._ ____ , ___ , ____ :_,_..:; ..:.._ ::-!, _______ . ·············---~----··· .... ' ..... -
. ., 
-- ·.. . . I . i I 
......... ::·:=::... ______ ·-~.---_----~--· -_·-_ c_,fontl due :to th7 rel.at.wns-·+\r~e:v-c""'c::--0,::..~ ~1.~,Ir, ... 
-----"I .·- ···--· ·-- ,, ... 
~. '' -
-·--
. • .,-,. . -- ,-...i,.;. 
.• '.. .. . 
·--------_d_, ____ _ 
\ . ·· . · . ·n+s. i. j 
l ( v , e ·+ ) A . . w w , 
I I n .. s 1] s,1,J 
(3 .13) 
where the quadratic differential form is in the sense o.'f. 
the symm~:tric _algebra, multiplication being commuta .. tive .•. 
We wil.l use the following convention: if a == ]f a 1 jll and 
b --: IIPjkll are respectiveJy m~n al)d, nx_p mgt.ricesr Whose elements 
(: 3· :• .14· ). 
:·N .. ow we put 
(::3· .• -1.5) 
(a,b) = 11 rca15"Pjkl JI. J . · .. 
:··o ·arid ·in.traduce the one-rowed matrix 
{.3 •. 16.).: 
. . . 
. m~trix 
hte = II I Y ·+· Af;+ .. 8 wj 11-
. · n .. s. l. J J, s . . .. . . 
I 
t)n: :the. o.t.he·r hand, , the posit.io.n vector x may be :wri·t.t~·p 
x = l (x, e'. J e. + l (x, e + ) e + , 
. · · 1 1 · n s n s 1 . . S 
J. 
:·s.·o th·cat the orthogonal projection x of x in the normal space 
:is given by 
(3.18) J. x - '(x' en+s) e.n· · · .. :.1-.· •..•·,s·. ·· .. ::=· ·ty e + • l T l n+s n s s .. s 
19 •. 
·" By equations (3-.18), (3.12) we thus obtain the quadratic form 
., 
in condition {ii) of Theorem· 2.l: 
Q = (x J. ,ri.2x) = T y A1.1:° 8 wiwj. 
......... ,---··----·-····~.,. ··-· - ~-- .--- ---- --···--·--~-----··"'·--····-~-- --
- ·- - • «- ·--- • - ... ~. -·· • - -- -- ••• • -
. -· -- .. ... .. . . ... . .. ... .... ---·---.. ---.---.. -s =-1.. ---- .. n±J3 __ . __ J,._ J_ ......... -.. -....... -.................... _ ............ --~- . ......... . . ...... ,, -. -. --. -·-. -. .~-. -·:-":·-·-:-----·,--:c·~·---:--
-,----- -· --.-·· 
. -
.. . 
.: .. 
. , 
- - ·'- ~ --. . . ,_. 
---·· :r:he condition ~ha.t the. frames are of--·me~asure-· 1 is ., 
- ... -·····-· 
.. ,;/·· 
·t,J'here the left-hand side is the scalar ··p.:roduct .ot t}J..~- mu_·ltl.-
·\te,ctors e 1/\ ••• /\en de.fined· ·by .t:tre sc,a:la_r p:r.oduct· in ;E,... I:n 
J;>.ar:.ticula.r, 
{·e1-A ••• Ae , e1/\ ... Ae ) =; :I (-e·._ ·,.e·.,,): -1: ·- 1 ... . . n n · 1 · .J. ·· ··· 
:M.aki11-9: us .. e of equat-iofi (3.4) we first obtain 
- \ ( e 1A • . • /\ e . 1Ade . /\ e . + 1/\ . . . A e ) f 1- 1 1 n 1 . 
"""'· 
I. n+s . e 1 /\ ... /\e . 1/\ w . e + A e . + 1A ••. Ae • . · 1- 1 n s 1 n 1,s 
:B,:y ·dif·'ft;rentiating ,eq·uation (3.20) and ·using eq.uations :C3:.-21) _, 
_(:3.2Cl_):.: and ·(-.:e . ,.e,. )·· ,.= .. :b_·. ::to:r_. e. :V_e.r·y._ · l_,_<.s._<m_ .. -.· .. :art.a .. 1. :<i_·_<:n_--.·., we.· t:hus. 
· ·n+s · 1. 
.---· -- . 
., 
·-- . ..\.: (jj·:7', •-: 0 • § ·1. 
:1 .. 
To derive our integr.:a) ... £:ormul~ we have to :i.tit.roduce 
-~~.-t~-r.:j_or differenti~l. t:orm·s globally Qefine.d o.Jte:r ::M... ·T.:h·e.·i.r 
,. 
s··t_:U.d·y wi:1.1 ·be ,s·±tr1pltf1.-ed· · _by using the nota·t.i .. o.:n.s develoip.ed by . 1 
. 
. H •. F:l-ander:s. 141. This is to .. consider tens.o:~ product·s o.f 
multivectors and exterior differential forms. Dif.:f .. ere·-:ntic:rt.i,on 
. .... ' ' . 
. . - . 
of mul tivectors will b~ __ .. taken in the s:·ense of equati--ons (3 .-4'). , 
while differentiation of exterior differential forms will ·_b.e 
----- exterior differentiation; multiplication of· matrices wi1:1. ,be. 
by the usual row-by-column law. With this understanding we 
.. '),. 
I 
L 
t 
[ 
[ 
'f 
I 
~ 
-~ 
I 
.. -· ... 
~ 
_ ... , ... ·" . ~ ... 
-
•I 
:1 
.jl 
-2CJ. 
introduce the following matrices: 
{3.23) 11 g . . n, 1] r. . P• 
I { 3. 24) t t - . G* =.<t,tJ~),f*( e)J_=-G*-:;=flg!Jff, -· --··- . . ·,: -- ··.:; .. ::·.:.._·· .. ------··· -·-,·~··-·,- .. 
( 3 • 25.), .... A = JI w 1 , . ,·: ~ 1 w-ri II = wG , A * = II 1»J , • • .-1w; ~ -= _ ~G * , 
- {3.26) 
(3.-2·1·) 
(3· ... 2·a) 
(.3 .• -2 9 j, 
---=-_.-.. -·--
·---~--.... ~-.. ---
u = . .Ae:_, u* = A*e, 
•. 
¥ {X ; te) =· It y l , • • • ' Y n 1:1, 
:r. ::::. Ye, 
.· .-.· *.n-.:1 ~ z =: .. r.u - ·= '*'e i" ... l\e · . 
. n 
,- ~ 
··----- -- .. <· .. ___ .· 
.I·-hve:stigated as: t'h·ey enter 1.rrto t.-h_e. di:s.:ctiss.ion ·in prog_r_es:s .• 
Si-nc'e -~ .i_s an exterior differen:t:i.al.\ ·fottn of degree n-~l. 
·global.ly :defi::ned over M, for a -~-ompac·t manifold Stok~:s·• 
Theo-rem g,i-ve·s- · .. _ 
:(.3 -. 3 o'J: 
(3:~.-· 3.l l 
·T:hus 
f d~ = 0 ~ 
M 
cfY =c (dx, te) + (x,dte) =· A· +·-:· ·yt_n + p;t-e:~ 
o·-if:f·erentia·t.i·o,r1 :bf equation (3. 23) and use of equations (3 .•. 4) 
- ·c· t ) o = e, a = , due t6 the orthogonality of s·~rtd at 
. I 
·give 
(3. 3 3) 
from which and equations (3.2_5), {3.6), we have 
I . 
-··- .. -··--··- - ·- - ---· 
. 
--·- -- ·.· ·- ··. 
(3.34) 
... 
Similarly, 
(.3. 3 5) 
·· ·- ·· ,. · · -,. · ·· :'Co1ts:equentJ~y-i·- --··- · -- __ ;__L ... -
. 'Q - . t . . ... 
.:21. 
. ! .•.•. -... - ·-
f 
\ 
! i 
! 
i 
l 
I 
: I 
! I 
-(:3:,.-.36.) ·.· ...... ·- _, du.* ... _::::; . ~A~- ( .n.~ .. ±il) e - . ._--,,,---:·· •.. ••• . ............ , ... L. ,; ... c : •. :.:.:.,..,., .. :. C ............................ , ~ ! 
• ii 
:\ 
. . . 
-- ., __ ._,By· no-ting ·t·:h·,tt· 
• ·-·- - -- - •. - •..•• v 
.. --· .. ···-··' -
(:3 .• 3-7) d (u*n-l) .. = (n-1) (du*)'u:*n·-i·.; 
:and ·u-sing :eguati-ons (3.29), (3.32), and :(3.36:) we ob·ta.i:n· 
.. · ,, .... ··· )" {·3 .. _. 3-.8.,. dz= [A+Y(tn+n)+hte]eu*n-l - (n-l)rA*(tn*+n)eu*n-'2 
. . n-1 n-2 
+ Yeau* - (n-l)rA*eau* • 
Etr.om equations (3 •. :21)' ., :-(3--.-22.) i_t ·f.oll.ows imrned·ia.t·eJ.~y·: 
.... 
$q.ua.t--i-rtg :~h-~ "t;:e·pns in e1A .. . Aen on ·the z-ig_ht side of _both 
eq:u:at::i:p·_n {3-.J:aJ· a:1ld equation (3.3,9:}-,. anci_ usi:n:g_ :e:qti;:cftion, 
:(3 -~ 2·s-i). ·-we t.:-.hu_~- h:a)r.e· 
(d41) e 1A •. . Aen , Aeu*n; .. ,
1 + ht.Eleu*n-t 
+ Y[ (tn+n) eu* - (n,..,.l),eA*(tn*+n)elu*n- 2 • 
equality: 
:• 
LEMMA 3,.:1-•. 
(-3::.4·1) ·neun-l ,~ (n-l}eAne.u-11- 2·• 
PROOF. The left side, neun-l, of equation (3.41) is the 
p;:rodUct of the nxn matrix n = II wtll, the nxl coiumri matrix 
. ·rt-1 Since u· - :(Ae) n-l is a lxl 
I n-1 
matrix, Qen is ·an. nxl column matrix. Simi.i~:tr·l_yj ·t-he right 
... ---,--- ·;-·---·· - ~- ~·- --, ... --
. ' 
'I 
. I 
• '1 
·I 
. ,.. 
I 
I 
' 
·~ r 
., 
:) 
'i 
L 
r ) 
I 
1 
II 
• ~ 
• 
I 
'. 
I 
i 
l I 
side of equation ·(3.41) is also an nxl column matrix. We 
.. 
shall prove only that the bottom elements of the two one-
columned matrices are equal; the equality of the remaining 
.. 
22 . . .. . _. ~· 
; 
-- ·-··---· ------· -·-··· __ ... ~ --~~--'.--: -· - --·- ...• -· -.. ---- . ·-
.- -····-· .... --· --·---···--·------· .... ,.n~l. elements fel-lows simply by ·permuting the· indices. 
~ 
-b--- ----- :-.~~--.-~-~·-;-···---.·---:-- .. -- -
- -- ~ l. ~- i , j ~ n , 1 ~ a , J3 ~- ·n-1 , 
=.w.e: ca:rt :wr·i·.te the bottom .eleme-nt in Oeun-:l a·s 
(.3 .• :4:_.:2J ( i } n-1. (. a +·· . ·.n _ .)- ._ ... _ •. :_n-1. w11e 1. u ·· = . -4>·n ... ~:_""'-. · · w .. e. _ ·u • """ -n·.n · 
Re:q-a._·._1.·:1i.ng tha.t 
·b_y tl1.~. l:>:inom.ial :tlJeorem we have. 
} 
. n-:1 
. U .. 
s·:ince.. f.cir y:}J.: .. ~,-- ) 
~-·-_ofn __ -_en __ .._)·_. ·y ·= ·_(; w -1\ .• • .•. f...w ... ·): :e .A ••• /\ e - O • \ ··n- · - · -· · n-- ··n n •• •• ·-· : 1 ,·. -
:(': 3· · · - 4··: 3· :)· .. , · · 
. . : :• ;-: .. ·.. : '.: 
.. .. l 
. 1- _ - n.--·-. (::w .. :e:i )=u· · 
. n, l. 
.. 
. 
. ? ~;. '· •.•••.• ,.'.. ~ • .• 
·= :(-:r1~·1)-! (w1A ••• Awn-l) (e1A ••• l\en-l) ·c-·o.ntains :a·s.: ~ factor each 
of the vectors e 1 , •.• ,en-l' so that (w:e0 ) <Iw 8~~,n~l = O. a 
Secondly it is_ clear that (w~en) (n-1) (~w 8e 8)h""" 2 when is zero 
since enAen = O. Consequently equation (3.43) may be reduced to 
. I 
(3.44) i . n-1 (w _e .• ·) u 
·· -.n····i-'.. : ' . 
.. . .. 
- -·· -· -- ~ --~-· -·-····-·-------~----- -·-······--·-··-.. ----- ______ .. __ ------·-·. -·-···- .. ::.-
-.-~-
.... 
... 
-
rt· s·houl·d ~e noted tha.t i:n each term on. ·t·he rig.h·t :s.ide -o·f 
equa.:t:ion (3. 44) we a.an replace the f,ic·toir Iw e . b·y, ·U -· I.·'.w
1
._.e:
1
, ., 
, .. . . .. . . . . . . - . . . . .. - :s·. :B· 8' i . 
-t.o 
(··3·.. ·4··_5-__ )·. ... •. ·.·· .. 
- . . . . 
• ·1-
( ..... _1. __ · ... . ) .. ·_ n;...::. ·. .w. · ·e.:. ;. ·u · ·· ·- · 
· n·i.· 
.. . 2-. (l. l. · · · · ·a n ~ 2: .·= :e .. n·· .. [·._ :(·:~~ ... : . .-.. ·w·:·rv.·.·.)· · (:.···w· a e O ) + "(_ ··n.~ I) w _ ( w: · e :)· .] u ·· ·· · · •: ~ µ µ . . . . P: . . "{l . XX; · ·. . . 
. ex. · S 
the express.io11 
·' 
It. i:S. obv:iQ,\lS :tih.{a t . 
·r· ·- . a . . n·-2: •. . . .·· x··· (l '( l.' )· n·- 2 e·.- _ ._.·w· · _ '·· ·w···_. ··e· u·- ·· ·~ ·· ·= e · e -· e 
. . . s· ···s· . . . . . --.·· ..... _·. w B. utB-.· - ·.. .·_ .. : ._w. ___ . .· , -- • n· · · · · ·· . · ·a· ·· n .. ,. . . . . ex . y y 
. ···:.f3 . 8· ' y·· 
Since 
we. h.ave 
~I •• -• • . -. 
:.1 n·-1 
. , . - A · A 
:=: -.~,w.··:.~8._···c-:ni-.2,) -1. ··,_.·_. fw._8.Aw1·A • • Aw A • • Aw 1 ) (e Ae1A •• Ae /\ •• Ae .. 1 ), -· · l. ·· m n- a m n- · ·· 
.. -· m-1: · · · 
-- ' . ·. . ' . . 
r 
l 
I 
1 
--····----···- .. :..,· .. l .·· ...... :. 
,-~---·-- .· .. 
...... 
.. 
-:,,.·: 
1· 
I 
on the right, side of which the only non-zero summands are 
•· 
those for which a=S=rn. 
Therefore equation (3.46) is reduced to 
( 3 ..• 4 7) 
=-:. 
- ;_., 
·N 
-· 
(. ..... . 2· •. ·)· . l ·. z· . u. (. A - . )· ( . . ... . . ) =: :-:.n .. ~··_.·:: ... -e _··. :w_. -:ur1 -r, ••• Aw 1· · ... e._-1.A ••• Ae l • n- a: · n- · ·· n-o.: .. , 
:s:itni lar·l:y ·we h,a;y~ 
. l .. ·. a . :n....;·l e·. __ : :w ·u.· · 
. n .. ci. -
·a 
--~· 
. . S'· ci ( .. \" . ). n ---.1 
.. __ . :e·n l c.1Ja .. lJA a ~- $ . , 
a., s µ .. 
= (ri.-·:l.). J e· .. · ·r 4).a_. ( w 1" ••• Aw l )' (e 1" ... /\ en · .. ·._·1. ): , 
· · -nl a n- · -
.. a. 
A. c.ombination o.f e_quations (3.-4.7:)_, (3.48)-gives. . 
(:.3·: .•. 4 9 l . ··.· a . n-~2 e __ . '- tiJ S w· 0 _e·. -u· · -nL ·· ··µ·a· 
. ·s . . . . 
.;.. .1 l a .. n-1 . 
en· __ wa.· ._U' . :;: r1~·1 ... 
Cl 
-and .. t·h-us: eq:t.lat.:ion: :( 3 41 4 5) ·i.s: ·reduced to 
( 3 .• s:o:J ,. 1· 1 .. n~ ( -w· e-... )· .u 
· ·n 1 · 
..... x· · a. 1t-·2 . . . . . . . . ·x·· ex,. . n.-:2:: 
- ·(:._._:n-:1.) -e_; ... _.·_.·.·. w -u) e. u.•. : ·. · ·. +' :( n--1:,) ·.e_. w -. : .. w. e_ . u· n. .. a a. .a.. · · ·· .n ··n · :n. ·a. a···· ·a· 
.l' a n-2: 
... : ,w • w : .. e· ·u • 
o 1 ·.~ .Ct .. 1. 1· Cl . . ,,, 
-· "· 
.. __ ,::... .. 
a:ls.o tne bottom .el.eii1en:t .6.f the .ma:tri}( :on the right· side: .ot· 
.eq'iia·t·io.n ( 3 • 41) , artd .h_e:nc·et L~~a 3 .1 is prov:ed. 
It should be: :noted that the ·3.:.gent:i:~Y in Lemma 3 .1 is· 'a.: 
·;l 
purely a_lgebraic identity; it r.e$.ai'ns true if n, A and ti ate: 
replace,d: by tn*, A* and u* res'pe.cti vely. The re·sulting: 
i,_denti ties are 
.. 
2:4: •. 
' 
- - --- ____ , _____ ., ______ --
..... 
(3.51) 
.. 
n' *n-1 ueu = n-2 (n-l)eA*neu* , 
tn* *n-1 u eu · t n-2 = (n-l)eA* n*eu* , 
•r 
which reduce equation (3.40) to 
... 
- .-·~·· . 
- --- ------ -------- - -· -----·-- -
. ----- ··. :-· -
Hence ··tlte: in.tegral, formul·ct ·f3-~.-~·-0) implies th·at for· a 
:?.a:i-~ of _comp-act immersed su.·brnanifolds under a volume-pre-
·.ij'f?:t:"vin·g diffeomorphism, th.e_: integral over M of the coef:f±·c±_:e:n-t 
of e1 /\ •.• Aen on the right-hand side of equation. (3.52} is 
ze.-ro. 
.-. 
:~ 
.r· / . 
-
-2::S. 
• ·1, ·- ..• 
- '·-··.~.:-.:-,:,·<~7~~~i.: .. ~--~~~ _ ~1:;;:~:;··.·:~G-v,r;··~-•-~·-r ... 
N A44 ilil .. Pk 
-'--~ ......... , ... ,_, ............. ,., .. -.. -----& CZ JUL iii l2 I 
§4. PROOF OF· THE MAIN THEOREM 
1· In order to complete the proof of Theorem 2.1, we must 
-=---_-·------:~-:~-:-· ----
. . _ .. ~i~d d4>, which is the coeff~cient of e 1A .• . Aen ol'l the right-
-···· 
, 1 ·· 
I. j 
) 
I· 
I 
l 
i 
' 
; 
. > 
-- I t ;.: hand side · ef- equatie-n-- -f-3. 5~-}--.:-- - -F-er- -this ---p~_pose--we---cons·J:de.:r-----·_·--- ··-·-------------- - ---
·(4.1) 
·TI = :11rl f ·• •· •· 1 1T· -_· :1· 
. :· ..... ··-n·· 
·is a one-rowed rna·tri·x o.f :J..i:p.ear cli_ff.:.e:iten-t.i-al :f·orms... J;3y 
expanding we have: 
(4.2) n-1 1reu* · -· .. ·('.Y 1r • e ... ·)· ::t ·-r w ~-· e- .. ·) n-l I ... J;. . :i. , ·~. . J J 
wbe.r:e .t .• . is :+·.1 o.r --1. ·act:_o-r.di:ng. as i 1 , ••• , in f·or.rn an. 11 ·· . ·• . l. . . : . -.. ···n: 
eve.n ·-c)J:" odd :p.-er:rnu-t·a t;i:on ·o·f t·h:e·. i-r).te:"ge:.r_s l, ••• , n·, :a:r1d; ·is z·er·o·. 
ot.h.er·wise, :~_n·d. tJ1_e :~·umrna-ti.o:ri is· .¢·.xtep_d·E!_d ove·r .. a.11 i.1 , -•.•• -,:in 
.. . . f.::rtom ,1 ,t·o· n • B ..y pu·tt·i··ng 
(4--. -~) -· ·i··h·.. :j 1T I -· . . .· . 'I I w, .· ,· 
]. I, 1J ' ]: , 
( 4 .• 4'). 
equation (4: •. i2) .befcomes-
.- -~ ·.. . 
{ 4. 5) 
. ·1!, 
" :, : I I 
J: .. l _ J 2 Jn r ·· (n. I g, ,. I •• g~ I ) .(w t\w A • • l\w )ell\ •• /\en ' 
.- · . · -. · · .. ·
1 1 J 1 1 2 J 2 1 n J n J .1····•,Jn 
t',.- ··:c 
.. : 
where the notations H. and G~ have been defined in §1. 
J1 J 2 
--- ••• • - •'-• -~•••-•·•M -• -.---::•~" -· • "•• Now each ji is ___ art_i-nt~_ger l __ ~_ ji_-~ __ r,._,_ .. ____ ~!}.g _____ (Q_~----~-?C.:rl: c_ll<?,ic._e.- o.f-
-----------------· ------·--------- ~:ji~=c- ~-re---are~-----i-rr-fJ~·-t way·s- t:he--·r_em~ining n..;.l integ·er-s may·oe;_---. 
.--_ 
_i·-1·'·-~-:--.. -'\: .. 
--
ed. _s·in·ce :bo·th- t. _. :an·d. :I H'. ,G, , .... ,G, I change 
· · -- · · -- -- -- J.1 ··- ·•· • J,n -- --. -- J 1 J 2 - J n 
sign :at-~ ·t-he s:ante: ·time·, us_irt<.t -Eiqi:fat:ions ( 1 •. 3). , ( 1. 4·) and 
I ·g·~ _- I :; 1 :we can reduce· ec:;ru·at.ion -{ 4 -•. 5-J to 
. 1.k. 
n-1 
neu* 
I 
A ""'." ·I w1 , ••• , wn I , and w1 ··""- JgijwJ, 
by putting h ... - :; ___ g·;1• __ -_-J_-·_-_ in equati,
1011 :(-4:,. 6.-1 .w,e: .o:b_t:ai.n· 
-~·-J 
:( 4 • 7) ·.h~l .A-e,u* 
- ·n: !_'G_G-*i ·( E;.1 A_.. :• •. i\~-n): d-V ~-
-- . , . . .- ' 
.h .-.. ,· 
. 1J ~ . . . ·. 
= r-_.__ -A-n+s 
£_Yn-+-'s,··- i j· s- - -
:in equation (4.:6:), w:e ·h:ave., i:n cons_eq.ue:n._c;e ··of· -e·~;ruati.ons :f:J_.·1_i7) 
-' -· .... 
and {3 .19) 
{-4.Bl 
Sin9e w=w*, frqm the first equation of :( 3 ~:-~:). -a·nd a 
l 
.~-
similar one for a*, ~e have 
--
27 • 
- I 
,1 
2:a. 
( 4. 9) 
so that we can write 
·f4_._~ l:Q) )~ . : *k - k j . ' -~ w . ·-·oJ . •- -~-----a-.... -.-W------------·--· ,·-·-------'--·--.--------1 l. . -· 1] ··-· . --
.... 
·~ •'• ' 
·-
-~.:_ _____ - -~--~-=-------~-q~-~-~i9n~ -- _( 4 __ ~ ~-1. _ _L_____ ~t~ ~-1_Q_1 ____ im-Pl¥ _ ------···--·-- -.. ·-· -- ----- . --~:· --· ·--, 
(4.11) k iA J_ ~ a I I w , \ w _,..;=-, l , 1J .. ... 
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(i) LlG* = :d of ·the ·th.eo1;em we th.us obtain 
{4 .15} Y:{\l-tff*Jeu*l:l-'l = J:'tfykAG* (e1A ••• /\en) dV :""'• 0, 
whi·c·h a-lo·hg ·wit'h eq,u·a:t_i.otis·. (4· .-7) , ( 4. 8) reduce eq.tfatip.I) (S: •.. .stiJ 
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di= h! (GG* + QG*}dV. 
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Subtrac·ting eq1.i'atio-:r~ .C4:. l.8) from .equa.t-.ion. (-4:.:17) w.e 
obtain /l. ' . 
( 4. 20) 
NO:W "1:>y Penmra .l .~ 1 ·-we· ha.Ve GG* •. ~ 1, · and_, P'ri __ eq_uat:i:-c5n :_{ 3 .• 19): and' 
'c·b.nd·it.io.n-. (i:i"): Cl~· :qllr theorem we -h:ave Q -._ . > QG·. F~on,:. equatio.-11 . . . . ·····- .. .· G°* ~ . -: 
(4' ~ 2_:0:}· ·· :li>t ·the.:r.~:f..O:·r.e follows tha·t GG*· ~: 1,. wh:i·ch .is p·:o·ssi;b·le ·by 
Lemma 1.1 agai·n i·f: and only if G = 'G·* •. H.ence· ,f: i-s a.n ,is.o.me-t~ty:,. 
and Theorem ·-2 .1 .is established. 
F.ormula (4.19) also gives the following interesting 
COROLLARY. ~ complete minimal submanifold in any 
' . Euclidean space·is.non-compact. 
1,·._' ~-. - ,~• • 
"!'' .,. • .... 
.. 
·;_.,:..,_ 
; ,-,~ 
l 
~~~-~~JIAA'r"-'ilb~'i'i~-f~-.::~,.~"'~-...... ,•!(.,_,~ .... :.~ ., ... .J~~~~~-, ..... ~ • .,~1'f.o~~·~·~~~~~~,:-~':':~~ ... "":"" ......... ~.~~:·------·---·· ~-·-·; 
- ;.,::=-'> -... ·,:.-- .. ~ 
' ,,. . ,,, . 
• ·.·: ··-.(l"''.1;,~:.l,/...;¥-.'l~~., ..... ~.... 'l'\*"l'!'l"'Y.~-;:~,ol,,,l,ft-,.,..l'llffl~l!:W.J.'""'9--"'~'"'·· ... ,-. .. - ... ,...-.... -~,~-- 1., , , ,,! ·•" '•- ..,_, ••- -•-·•·-•••-J.,,,. __ .,,~~,,<ooL•...._,.~., .. ,,_,.........__,., ... a,-h~o••'• .,_.,_._.,,, n < ....... l,---·••••.d•--··-•-•·-••••••>--. - , - , • ., .• ___ .. -,.~••••" ~~• ~·••-• •·-·• •- -·~•"• ,.\,•••• • • -< 
' . 
.f 
APPENDIX 
.I 
.· . 
inequality: ----
.; ., •. . :. -.: . . •:•r·.•~-
- ·------.· - ~- .. 
THEOREM •.. F.or: any n n.on~negative n·umbers a1 , .-· ••. ,_ant 
----·-·· -
(A. l) 
the equality holding if and only if a 1 ~--.•• , .• :~ __ a:n·· 
PROOF. The proof (see, for ins:tan.c·e, '['21·), :t.:s: .ac-com~ 
:p·:li-,s,Ji~:q. by forward i:naucti_on on·. :tn_e: i:11te:ger·s·: n· ·= _4:;. 4 2 ; :?: 3, 
!t' --.: • , ·21<\, • , •. ,. ·and t·h:en _;_backward inductio·:n· -to: f·i 1-1. -i.n t:h.=~:- ·g;_a-P:S. 
·~· 
or 't:ai 0fa2) 2'>4·a1 9,2 , which gi ve·s CA. l} i.rtttrtediately; the equality 
Ji.o.lds :in each of t·he, ._-P_·. rec .. e:ding statemen __ -_·_ t·s __ - i.f. a:nd on·:1y·,_. if' a =a· •. ,. l ···.2. · 
We assume the th:e<5r·em ·true fo~ -n· 2:)( .•. ·t- -- :orde . . ·.t to s·how - .,n. 
that it is also true 'fbr 2k+l non-n:eg.atiVe numbers b1 , .. ,b2
k+l; 
.-b:y- t·he -±_11:d:uot:.i:ott _a:s~s-uroption, 
_.J 
. ' 
(A ~,2-}" 
,. 
of (A. 2): .  J. S>-
·:.>._ I Ch .. 1·. ,b.·2._-_)1/2 Cb3b4) 1/2 ••• (b . b ) l/211;2k 2 k.+ .. l_~-i- ;2k 
·~· 
30 ..• ,: 
· , ,r '.~ ~ (1,:0 1. -~ ',,,-.,,~·~.· .... ~---!. ,.,, 
--·-·-·-·· ··-·-···-·-·--.--.. -·· .... --- · ... -~ 
~· ,,, 
_,,·: ., :· ··•. c' :'l/2k+l 
= .:(l::>:1P:2: •• ~: ·• P .... k+11 ' 
.. ,. . 2 ·, .. 
·". 
and therefore we h~ve 
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whe·r·e th~ equality hold.s i:t a~·4 only if bl+b2=b3+?4=·. 
. ' 
: •• =b k+l +b k:+·i:i· :and .:b·1.=·b·.2 .,· ·b·3:==P 4 :; ...••.. ,::b ·.k+l =b .k+·l' :w..l)..ic.h 2 -1 .-2 ,- , · · - 2 · · -1 2· · 
imply b 1 =p2:"~: •. : •• ~:P· .. :k.+l. 
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~11:Y· .. iJtt.e.ge.r n... :Let- a.i-:bi , .i.=·l,. ..... ; h-1,. and .a .. n = fl:>_i.+ ~ •. +.bn:-,l):: .;· tn..--1) • 
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. . .. ·.b]~·+ .• ·.•· .:+·bn-1 1/n 
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vthic.h ·gives the desi.tea.: :in·~.qu·aiity b.r taking th~ (.n-:1J·t.11 . 
. ~:qq.t Q'f 'both. :5:iders •. ..F.ina1~:1y it is: .o:bserved that· t.lJe :~q\1.a; .. J..£.:ty·· 
·n.olds in (.A.-4'} i:f: and. ·o:ri.ly· .. · if a 1. = ••. :. =a ,: or b 1-.:= ••.•. =b:. .r· .•. · .n ,. ·. n··-...... 
.. 
i 
I 
I: 
ii 
II 
,1 
... 
'\ ._., 
:B.:Ja.r.,r·oGRAPHY 
1. L. Auslander and R. Mackenzie, Introduction to 
·-··--'-. ------~----------D:iff.erentia.ol.e Mani-folds, N .Y •. ,. M~Graw--Hi-ll----Book Co.,. Inc-.-,_,-7.-·-······ 
1963. -
., 
- • .. - ... ".'"'". r •• .,.. .--·.,,.· ,.- ..... ~~- -· 
2. E. Beckenbach an~ R. Bellman, An Introduction 
-
to Inequalities, Ne.W :a~·ven, .Cc;:>pn., Yale University, 1961. 
3. S.S. Cher.n and C.·c .. -Ilsiung, On the isometry of 
compact submanifolds in"Euclidean space, Mathematische 
Annalen, vol. 149 (1963) pp. 278-285. 
4 .• L. :J? ._ E·±s.enhart, Riemannian Geometry, Prinoe·;·to.:n, 
:N._ .. ·J·. ,. P,_rinc'et.on ·un:iversity Press, 1926. 
5. H. Flanders,. Dev·elopment of an extended exterior 
differential calculus, Transactions of the American 
Mathematical Society, vol. 75 (1953)- pp. 311-326. 
0 
6" L •. Garding, An inequality for hyperbolic polynom-
.. i~-~·4.s:, ·J:ou:rnal of Mathematics and Mechanics, vol. 8 (1959) 
:_P··.·-p·-· .• _ ·9.:5.7_:9.65 
. . .. /:. .. 
'7:.: c·:. c:._ Hsiung, Lecture Notes on Differential Geometry, 
Le-high tJnive·r·:sity, 1962-1964 • 
. (. 
32. 
"· 
A 
_;,;: 
·vr1.~.-
Burgess Harold Rhodes, son of Mr~ and Mrs. Harold 
Rhodes, Wq.$ born Ma.r.ch- -· 17, 1938, ··in Plainfiela,-· N·ew Je·r··sey. - . ··-· - ·-· 
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1:956, oefth in Plainfield. Having won a Freshman Competi-
tive Schol·a,rsh:tp .. , he ente.r.ed· the Massao·hu·s,e-tts Institute 
of Techno:logy as. a t;Y:t·ospec:t_iv·e. chemi:c·ijl engineer. He 
:qhan:g.e·d 'his majo.r· p .. r:o:gtari1 to: _ma:t·hem,ftics, and in June of . . ' .' .·. 
. 
' 
. 
. ~ 1960 he re.cetve_cl 'the d·eg~e-e· o..f Ba.che-lor of Science in 
Mat~ematic:s f:r.o.m -M.:I_.. T. ·T-h~~(:-.upon :h-e entered t·he graduate 
school o_f: Lehigh Qn-i ver-sit:Y ·wh·er·e he. h,a~= ·_put:$ue:d graduat~ 
t~.a:-i·ni:n·g: i.n .. m.~·:the.rnat.ics to: t:he. p·r.e.s.e:nt .• 
r le;r1ce.-. i11.- Ge·rman... .He· wais ·an employe.e· ·o,f· t·he W,al~er Memciri-a·l 
:.Stl~dent: Staff.t ·a g;roui;i of approximate.ly one ·b.un.dr·ed :studE=.11.·.t;-.:s, 
responsil.:>:l_e it1 pa;rt .£-or the ope:r:atio.tr o·f. t:.-he -W·alke·r· Merno~t.al·,. 
ID.'inin.g :tta=1.1 -a·t M-.· I. T •. For th:r;e·e :of' hi-s: f'ou:r: y.~ar-s wit.h 
·tehigh ·un·iversity· t,'1:ie ·au·thor was a Gr.a.duate: T:~_a:ch:in_g .A·ssi·s·t~·-
-ant in Matnematic,s: fo·r two years. rn. 1·9.62- .he was pr.omoted 
p-re:_s:ent~-. Fo·r 'five successiv.e: sµminer-$ :be-gin-ning in 1.9·_57 
the autho;r w·a-s employed by t·he s·h.e·ll .Q.il Company in ·sewaren, 
New Jersey, wher·e for the last three of those five summers 
he was draftsman- and junior engineer. 
On December 21, 1961, the author was married to 
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.- i-. Audrey Ann Rood· ·o·f South Bound. Brook, New Jersey. -Their 
first child, Sandra El,izabeth, was born in Bethlehem, 
' Pennsylvania, on February 1, 1963. \ 
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